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In this paper, the polygon scaled boundary finite element method is extended to analyze saturated soil based on
the generalized Biot’s dynamic consolidation theory. The displacement shape functions of the polygon element are
obtained by elastic static theory while the pore pressure shape functions are constructed from steady-state seepage
theory. A scaled boundary polygon equations for saturated soil is established by applying Galerkin method. Two
sets of Gauss points are adopted, including Gauss points of line utilized to compute the shape functions and Gauss
points of area employed to realize material nonlinearity. In order to verify and assess the reliability and accuracy
of the presented method, a saturated elastic half space subjected to a uniform cyclic dynamic loading is simulated
and the results are compared with the analytical solution. Moreover, a liquefaction analysis of a breakwater built
on saturated sand soil with generalized plastic model is subsequently carried out. The results correspond well
with those calculated by finite element method (FEM), which indicates the significant capability of the current
method in solving nonlinear problems. The proposed method processes extraordinary mesh flexibility and fast

reconstruction, which will make it a promising tool in liquefaction analysis.

1. Introduction

As saturated soil is pervasive in the environment, its response to dy-
namic loading, such as earthquake, is of particular importance in a vast
number of practical engineering problems. Saturated soil is a kind of
saturated porous medium, which is a two-phase medium composed of
a solid phase and a fluid phase. The development of pore fluid pres-
sure during dynamic loading may significantly affect the dynamic re-
sponse of a structure built on saturated soil, such as the liquefaction
phenomenon in saturated sand soil. Considering the coupling interac-
tion between solid skeletons and pore fluid, Biot [1] firstly proposed a
set of governing equations which is accurate and reliable in modeling
dynamic behavior of saturated porous media. Biot’s theory has been ap-
plied to various problems in acoustics, geotechnical and other fields up
to date. However, since the coupled partial differential equations are
difficult to solve exactly, the analytical solutions are unavailable for all
but the simplest problems [2-5]. Therefore, applying numerical meth-
ods, such as finite element method (FEM) and boundary element method
(BEM) [6-9], is a feasible way to obtain solutions to complex problems.

The scaled boundary finite element method (SBFEM) is a semi-
analytical method proposed by Song and Wolf [10-12], which combines
the advantages of FEM and BEM. In this method, the discretization is
only conducted in the circumferential direction and there is no need

to introduce a fundamental solution. In addition, it satisfies the singu-
lar problem automatically. Compared with conventional FEM, SBFEM
provides a high precision solution with a rapid convergence rate and
significantly reduces the degree of freedom in computational model
[13]. These advantages make it a powerful numerical method. Since
it was proposed, the method has been applied to many problems in en-
gineering practice such as unbounded media [14], electrostatic fields
[15], crack propagation [16], magneto-electro-elastic plate [17], fluid—
structure interaction [18], layered soil [19] and heat conduction [20]. In
unbound media problem, the boundary condition at infinity can be sat-
isfied exactly. In crack propagation problem, the singularity can be han-
dled without additional effort such as local mesh refinement. In fluid-
structure interaction problem, since the discretization is performed only
at the boundary, the number of degrees of freedom in the computational
model is reduced to a large extent.

The polygon scaled boundary finite element method (PSBFEM) was
recently established based on SBFEM which provides a great flexibility
in modeling complex geometries and is an essential complement to the
original SBFEM. Compare with FEM, it exhibits high precision with more
rapid convergence rate and an advantage of solving singularity problem
which is inherited from the SBFEM [21-23]. Many researchers have ap-
plied this method to their professional fields. Ooi et al. [24,25] and Dai
et al. [26] applied this theory to model the crack propagation problems.
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Bao et al. [27] conducted a fracture analysis of a gravity dam under
seismic loading, and Chiong et al. [28] performed a fracture analysis of
functionally graded materials. Luo et al. [29] simulated a grain break-
age problem using SBFEM in combination with discrete element method
(DEM) where a scaled boundary polygon element is used to model an
individual grain.

SBFEM is a versatile and efficient numerical method that has been
widely used in various engineering and research fields as mentioned
above. Nevertheless, most of the application fields are concentrated on
single-phase medium and there are almost no reports about applying this
method into saturated soil. In this paper, the PSBFEM is extended to the
nonlinear dynamic analysis of saturated soil based on the generalized
Biot’s dynamic consolidation equations derived by Zienkiewicz et al.
[30]. The displacement shape functions of polygon elements are con-
structed from the SBFEM equation of the elastic static problem while the
pore pressure shape functions of polygon elements are constructed from
the SBFEM equation of steady-state seepage problem. And then Galerkin
method and Green formula are applied to the generalized Biot’s dy-
namic consolidation equations, resulting in a spatially discretized scaled
boundary polygon equations for dynamic analysis of saturated soil. By
introducing Gauss points of area into each polygon, the material nonlin-
ear can be considered in this equation set. The proposed method that can
be discretized with arbitrary polygon and quadtree mesh is flexible in
modeling complex geometry and fast and automatic in mesh generation,
which makes it a competitive numerical tool in practical engineering.

The rest of this paper is organized as follows. In Section 2, the
construction of scaled boundary polygon displacement shape functions
and pore pressure shape functions is illustrated in details. In addition,
the strain—displacement transformation matrix and the transformation
matrix between pore pressure gradient and nodal pore pressures are
described. The derivation of scaled boundary polygon equations for dy-
namic analysis of saturated soil is described in Section 3. Section 4 in-
troduces the development platform of the proposed method. Two nu-
merical examples are simulated to validate the reliability and accuracy
of the presented method in Section 5, followed by the conclusions in
Section 6.

2. Scaled boundary polygon shape functions
2.1. Coordinates transformation

An arbitrary domain can be discretized with a mesh of arbitrary
n-sided polygons (where n is larger than 2). An arbitrary polygon can
be treated as a SBFEM subdomain as long as the so-called scaling cen-
ter O is chosen in a zone, from which the total boundary is visible. The
numerical results of the domain are obtained after solving each subdo-
main with the SBFEM. A typical polygon modeled using the SBFEM is
shown in Fig. 2.1. A scaling center is defined at the geometric center
of the polygon. Each edge of the polygon is discretized using a one-
dimensional line element with a local coordinate that varies from —1 to
1, and a radial coordinate is defined that varies from 0 at the scaling
center to 1 at the boundary. The Cartesian coordinates of a point on
a line element with M nodes can be expressed by the scaled boundary
coordinates as

x(n) = N(n)x, 2.1)

y(m) = Ny, 2.2)
with
N = [Ny, Ny, -, Ny (2.3)

where x;, and y;, are the vectors of nodal coordinates of a boundary line
element, x(n) and y(n) are the coordinates along the line element, and
N(#) is the shape function vector of the line element. M can be any num-
ber larger than or equal to 2 which increases with the order of the shape
functions of the line element. In this paper, first order Lagrange shape
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Fig. 2.1. Polygon representation for SBFEM.

functions are adopted where M equals 2. However, it is convenient to
use high order shape functions without additional effort in mesh gen-
eration. The whole domain of the polygon can be described by scaling
the boundaries according to the radial coordinate . The Cartesian co-
ordinates of a point within the domain with the origin at the scaling
center can be given by the scaling boundary transformation equations
as

x(&,m) = EN(m)x, 24

(& nm) =ENmy, (2.5)

2.2. The scaled boundary polygon displacement shape functions

In this study, the displacement shape functions are constructed from
an elastic static equilibrium problem. Within a subdomain covered by a
line element on a polygon boundary, the displacement of a point can be
given as below using scaled boundary coordinates

u.n) = N,(mu) (2.6)

where u(¢) are the radial displacement functions along a line connect-
ing the scaling center and a node on the boundary, and N, (#) is the
displacement shape function matrix along the circumferential direction
with the following form

Ni(m) 0 = 0 Ny 0
0 Nym 0 0 Ny ()

The radial displacement functions u(¢) are the solution of the SBFEM
governing equations in displacement

N, ()= 2.7

Eo&u(@) g + (Eg— Ey + EV )éu(€) ; — Eju(€) + F(§) =0 (2.8)

where E;(i=0, 1, 2) are coefficient matrices depending only on the ge-
ometry and material properties of the subdomain and F(¢) is a load vec-
tor including contributions from side-face traction, body force and ther-
mal loads. When F(¢) =0, the second order nonhomogeneous ordinary
differential equations in Eq. (2.8) can be transformed into first order ho-
mogeneous ordinary differential equations via introducing a new vector
X(&) as below

u(é)
X = 29
© {q@} (2.9)
EX(O)=-ZX(©) (2.10)
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where q(¢) is the internal nodal force vector and Z is a Hamilton Matrix
with the following form
-1
-E; ]
-1
-E,|E;

An eigenvalue decomposition of Z is performed, the standard eigen-
value problem necessary for a polygon is formulated as

2] =[ws-

-1 5T
EO El

Z= [ o @2.11)
E\E;'ET - E,

- (2.12)
where the entries of S, are composed of real parts of the eigenvalues
which include two zeros (representing the two modes of translational
rigid body motion) and native numbers, and ¥, and ¥, represent modal
displacements and modal forces, respectively.

For a bounded polygon, the solution of Eq. (2.10) can be expressed

as
u() =¥, 5, (2.13a)
q&) =¥, 5, (2.13b)

where the coefficients ¢, are integration constants, which can be de-
termined from the nodal displacement vector on the polygon boundary
u,=u(¢=1)

c,=¥"u, (2.14)

Substituting Eq. (2.14) into Eq. (2.13a), the radial displacement func-
tions u(¢) can be expressed as

u@) =¥, u, (2.15)

The displacement field u(¢, ) in a sector covered by a line element on
the polygon boundary can be evaluated by substituting Eq. (2.15) into
Eq. (2.6) and expressed in terms of u;, as

u(€.n = N, (¥,E ¥, u, (2.16)

The displacement shape functions of a polygon element can be
extracted from the right side of Eq. (2.16) and defined as

@, (& 1) = N, Y, 5w, 2.17)

2.3. The scaled boundary polygon pore pressure shape functions

In the present method, the pore pressure shape functions are ob-
tained from a steady-state seepage problem. The governing equation of
steady-state seepage problem is a Laplace equation. Utilizing pore pres-
sure as the variable of this equation, it can be expressed as

7]
J K |4

T )
ox; ' 0x;

(2.18)

The pore pressure of a point inside a sector covered by a boundary
line element is defined as

P& n) = N ,(mp(&) (2.19)
with
N,(m) = [Ni() Ny(n) - Ny(n)] (2.20)

where p(¢) are the radial pore pressure functions along a line connect-
ing the scaling center and a node on the boundary and Nj,(n) is the pore
pressure shape function vector along the circumferential direction. Ap-
plying Galerkin method and Green formula to the Laplace equation, the
SBFEM governing equations is derived as

ENp@) g+ (E) - B} + (Ef)" )ep©)s - Ep@& + £ =0 (221)
where Ef (i =0, 1,2) are coefficient matrices which depend on the geom-
etry parameters of the polygon and the permeability of porous media,
and f(¢) is a flux vector.
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Eq. (2.21) is second-order nonhomogeneous ordinary differential
equations. When f(&) =0, a new vector is introduced to solve the equa-
tions which is given as

P }

X,&= {Q(:)

where Q(¢) is the internal nodal flux vector corresponding to p(¢). This
enables Eq. (2.21) to be transformed into first-order homogeneous ordi-
nary differential equations which can be written as

(2.22)

EX, (&), = ~Z,X,(O) 2.23)
where Z,, is a Hamilton matrix with the following form
-1 T -1
(B E) (8 ot
P -1 T -1 .
E{(Ej) (E)) - E; —E7(Ep)

An eigenvalue decomposition of Z, is conducted, the standard eigen-
value problem necessary for a polygon is formulated as

L g L 4
“lu] = v
p \IIQ 0 n
where the entries of S? are composed of real parts of the eigenvalues
which include one zero (representing the one mode of translational rigid
body motion) and negative numbers, and ¥, and ¥, represent modal

pore pressures and modal fluxes, respectively.
For a bounded polygon, the solution of Eq. (2.23) can be expressed as

(2.25)

P& =W,e el (2.26a)

0(8) =¥o& el (2.26b)

where the coefficients ¢/, are integration constants, which can be deter-
mined from the nodal pore pressure vector on the polygon boundary

py=p(¢=1)
ch =¥:'p, @27)

Substituting Eq. (2.27) into Eq. (2.26a), the radial pore pressure
functions p(¢) can be expressed as

_sP —_
p@&) =W, 5%, "!p,

Substituting Eq. (2.28) into Eq. (2.19), the pore pressure field p(&, 1)
within a sector covered by a line element on the polygon boundary can
be expressed in terms of p;, as

(2.28)

pEm) = N, ()¥,E 51 p, (2.29)

The pore pressure shape functions of a polygon element can be ac-
quired from the right side of the Eq. (2.29) and defined as

@, En) = N, (¥, & Sme! (2.30)

2.4. The transformation matrices for nodal displacements and pore
pressures

In SBFEM, the strain filed formulation was given by wolf [31] as

£(S,m) = By(mu(d) ¢ + %Bz(n)u(ﬁ) (2.31)

Substituting the displacement functions u(¢) into Eq. (2.31), the

strain filed can be expressed in terms of u;, as
e@m = (B, S, + By()¥,) &5, u, 2:32)

The matrix product before wu, is defined as the so-called
strain-displacement matrix B,(&,%) in the following equations

B,(&.n) = (B{()W,S, + By(mW, )& 5! (2.33)
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where B; () and B,(y) are transformation coefficient matrices which

have the following expression

y(m),, 0
B(m=—=| O =x(n) ,, [N, (m) (2.34)
Ol v, o,
—=y(m) 0
By =——=| 0 x(n) |N, (), (2.35)
7l x(m) =y !

Similar to the transformation relation between strain and nodal dis-
placements, the relationship between the pore pressure gradient of a
point in a polygon element and nodal pore pressures can be derived
from the following equations

Vp(E.m) = Blp() ¢ + éBg’(mp(:) (2.36)

Substituting pore pressure functions p(¢) into Eq. (2.36), the pore
pressure gradient can be expressed in terms of p;, as

Vp&.n) = (BY)¥,S? + BY(n)¥,)e ST 1 p,

The transformation matrix between pore pressure gradient Vp(¢, 1)
and nodal pressure p; can be given as

(2.37)

B,(&.n) = (BY(n)¥,S? + Bi(n)¥,) &S 1wl (2.38)

where B‘;’ (n) and B’z'(n) are also the transformation coefficient matrices
given as below

1 y(m)
B’(n) = —— n AN 2.39
10 [J ()] {—X(n),n } o) 239

1 —y(n)
B’ - N 2.40
27 |J (n)l{ x(1) } o0 240

3. The polygon scaled boundary equations for dynamic analysis
of saturated soil

3.1. Generalized Biot’s dynamic consolidation equations

Since Biot’s dynamic consolidation theory was firstly presented in
1956, it has been widely used in dynamic problems related to the sat-
urated porous media. Several forms of the equations were deduced by
Zienkiewicz et al. [30], among which u—p form is a simple one which is
precisely in most problems without high-frequency factors and is prone
to be used in computation of large algebraic equations system and non-
linear problems. In this paper, this u—p form equations are chosen as the
governing equations.

The effective stress vector ¢’ can be expressed as below

s =06 +amp (3.1a)

with

m=11 (3.1b)
0

where o is the total stress vector and p is the pore pressure. « is a pa-
rameter related to the bulk modulus ratio of the solid skeleton to the
solid particle.

The equilibrium equations of the solid—fluid mixture can be ex-
pressed as

LT (¢’ — amp) — pii + pb=0 (3.2a)
with
6'=De =DLu (3.2b)

where p is the density of the mixture and b is the body load vector. i
is the acceleration vector of the solid skeleton and D is the constitutive
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matrix. u is the displacement vector and «¢ is the strain vector. L is the
transformation matrix with the following form

T
0 0 d

_|ox ay
L= 9 9 (3.3)
dy ox
The equilibrium equations of the fluid can be expressed as
=Vp—R—pjii+p;b=0 3.4

where R are the viscous drag forces and py is density of the pore fluid.
V is the gradient operator with a form as

v={z 2V (3.5)
Darcy law can be expressed as

kR=w (3.6)

where k is the permeability with the dimensions of

[1ength]3 [time]2/[mass] and w is the average velocity vector of
the percolating fluid.
The mass conversation equation can be described as

va+avTu+g =0 3.7
where n is the porosity and u is the velocity vector. p is the first order
derivative of pore pressure with respect to time. And Q is a modulus
defined as below
1l
0 K,
where K; is the bulk modulus of the fluid and K; is the bulk modulus of
the solid particle.

Substituting Eq. (3.4) and Eq. (3.6) into mass conservation equation
Eq. (3.7) gives the following expression

a—n

K

(3.8)

s

=VTkVp—p;Vkii+p,V kb+aV i1+ g =0 (3.9)
Eq. (3.2a) and Eq. (3.9) are the so-called u—p form dynamic consoli-
dation equations of saturated porous media.

3.2. The derivation of the scaled boundary polygon equations for dynamic
analysis of saturated soil

The spatial discretization involving variables u and p is achieved
by displacement shape functions given in Eq. (2.17) and pore pressure
shape functions given in Eq. (2.30). The Galerkin method utilizing the
shape functions as the test functions and Green formula are applied
to the equilibrium equations given in Eq. (3.2a), which transforms the
equations into the following form

Mii+Ki—Qgp-f'=0 (3.10)
Introducing Rayleigh damping into Eq. (3.10) gives
Mii+ Cii+ Ki—Q,;p—f' =0 (3.11)

where @, i and # are the nodal displacement vector, velocity vector and
acceleration vector, respectively. p is the nodal pore pressure vector
and f! is the nodal external load vector. M is the mass matrix and C is
the damping matrix. K is the stiffness matrix and Qg is the solid-fluid
coupling matrix. The vectors and coefficient matrices mentioned above
have the following expressions

M= //Q @& p®, (&, n)dQ (3.12)
K= //Q B, (&7 pB (£ ndQ (3.13)
C=aM + K (3.14)
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0, = //Q B (&, mam®,, (£, n)dQ (.15

fl= // @, " pbdQ + // @, (&, tdT
Q I,

where @, are the displacement shape functions given in Eq. (2.17) and
@, are the pore pressure shape functions given in Eq. (2.30). B,(&,n) is
the strain-displacement transformation matrix defined in Eq. (2.33).
Applying Galerkin method and Green formula to the mass conver-
sation equation given in Eq. (3.9), it is transformed into the following

form

Qi+ Sp+Hp—f2=0

(3.16)

3.17)

where Qg is the fluid-solid coupling matrix and S is the compression
matrix. H is the penetration matrix and f? is the nodal external load
vector corresponding to fluid. p is the first order derivative of the nodal
pressure vector. The explicit expressions of the coefficient matrices and
vectors mentioned above are as follows

H= // B, (&, m7 kB, n)dQ (3.18)
Q
s = // ¥, 2w, nde (3.19)
Q (0]
0, =0, = || @l (enam’ B,cna0 (3:20)
Q
fr= //9 B, (& ) kp bdQ + /F W, & m" qdT (32D

B,(£,7) used in the above equations is a transformation matrix be-
tween pore pressure gradient and nodal pore pressures and is given
in Eq. (2.38).

Eq. (3.11) and Eq. (3.17) are ordinary differential equations with
respect to time. The solution of the equations requires discretization in
time, which can be achieved by the Generalized Newmark method [30].
The recurrence relation between the unknown variables at time station
t, and that at time station t, + At is

ﬁn+1 = ﬁn + Aun

U, = U, +,At + p A, At

@,,, = i,+i, At + %i‘i,,Atz + % By Aii, At (3.22a)
and

i’nJrl = i)n + Ai)n

Pur1 = Py + PyAT+ B AP, A1 (3.22b)

where f;, i, and f; are constants ranging from O to 1. i, ,, &,,,; and
i, are the acceleration, velocity and displacement variables of the nth
step. p,,; and p,., are the first order derivative of pore pressure and
pressure of nth step.

Eq. (3.11) and Eq. (3.17) at time station t,, ; can be written as

Mﬂ+1ijn+l + Cn+1'in+1 + Kt - st,,+1pn+l - f,1,+1 =0 (3.23)
Qfsn+1ﬁn+] +Sn+lb+Hn+1pn+l _fi+l =0 (324)
Inserting Eq. (3.22a) and Eq. (3.22b) into Eq. (3.23) and

Eq. (3.24) yields an equation set where Ap, and Au, are unknown
variables and which can be written as

‘Ilrll+l =M, Au, +C,, pAtAu, + EKVI+1ﬂ2At2Aun
=Qy, PiAIAD, ~ F =0 (3.25)
¥ =0y, BiAti, + S, Ap, + H, fiAtAp, - F2 =0 (3.26)

where F:l 4 and Fﬁ 1 can be evaluated explicitly from the information
available at time station t,
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®  Gauss point of area

®  Gauss point of line

Fig. 3.1. Location of Gaussian points within a polygon element.

1 1 == = =2 —
Fn+1 eSS M, u, - Cﬂ+1un - Cn+1Atun - K, .,
- 1 - - -
- K, Atia, — EK,,HAtzun +0Q,s,. Pyt Qyp,, AID, (3.27)
2 2 - . . _ .
Fn+1 = fn+l - QfSyH-luﬂ - Qfsn+1Atun - Sn+1pn - Hn+1pn - Hn+1Atpn

(3.28)

The equations in Eq. (3.25) and Eq. (3.26) can be solved by Newton
Raphson procedure.

3.3. The evaluation of the coefficient matrix

The conventional finite element theory is used to evaluate the coeffi-
cient matrices of the polygon scaled boundary equations in the presented
method which is proposed by Chen et al. [32]. A major advantage of this
method is that the material nonlinear can be taken into consideration.

a(0,) =A1), p(0,)=0

SR S TN S S T T N

N\

Fig. 5.1. Sketch for saturated elastic half space.
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wool

Fig. 5.2. Polygon mesh for saturated elastic half space.

Table 5.1
Parameters corresponding to Boer et al. [2].
E(MPa) v n ps (Kg/m3)  pp(Kg/m®) K, (Pa) K;(Pa) k (m/s)
30 0.2 0.333 2670 1000 [+ [+ 0.01
Table 5.2
Parameters corresponding to Simon et al. [3].
E®Pa) v n ps (Kg/m®)  p; (Kg/m®) K, (Pa) K;(Pa) k (m3s/Kg)
3000 0.2 0.333 0.3110 0.2977 o0 39,990 0.004883

This method will be concisely described here. In a polygon, a sector
covered by a line element is taken as a triangular element and three
Gaussian integration points are introduced into this element. The loca-
tions of the points are determined according to the integration rule of
triangular element and their positions in a polygon are shown in Fig. 3.1.
The Gaussian points of the line are used to calculate the SBFEM coeffi-
cients, and the Gaussian points of the area are used for integration for
the coefficient matrices of the scaled boundary polygon equations de-
rived in Section 3.2. Any coefficient matrix of a polygon element can
be calculated by adding the integration over every triangular element
in the polygon. For example, the stiffness matrix of a polygon element

Engineering Analysis with Boundary Elements 91 (2018) 150-161

with n-side can be calculated as

K= //ﬂ B, (¢,m7 DB, (£ ndQ

3n
= Y wi| & m|BLE " D,BL& n) (3.29)
i=1
where w; is the weight coefficient of the ith Gauss point in the polygon
element and B;(é;, n) is the strain—displacement transformation matrix of
the ith Gauss point in the polygon element. D is the elastic constitutive
matrix of the ith Gauss point, and can be replaced by an elasto-plastic
constitutive matrix D, in nonlinear analysis which makes the proposed
method competent in both elastic and elastic-plastic problems.

4. Polygon scaled boundary procedure for dynamic analysis of
saturated soil

Based on the proposed method, a new type of scaled boundary poly-
gon element is developed with object-oriented C++ programing lan-
guage and integrated into the windows software GEODYNA developed
by the first author. By introducing the parallel computing method, this
software is competent for elasto-plastic problem with millions of DOFs.

5. Numerical examples
5.1. A saturate elastic half space subjected to a uniform cyclic loading

5.1.1. Model and parameters

A saturated elastic half space subjected to a uniform surface cyclic
loading is shown in Fig. 5.1. The surface of the half space is free to
drain. Actually, it is a one-dimensional transit response problem of infi-
nite column. In order to validate the accuracy of the presented method,
numerical simulations are conducted to this problem with a polygon
mesh shown in Fig. 5.2. In order to decrease the influence of boundary
effect, the vertical length is set as 100 m. The displacement at the bot-
tom and the horizontal displacement of the side surface are fixed, and
the pore pressure at the surface is set as zero while the side surface is
set as impermeable, which corresponds to the problem to be modeled.

The analytical solution of this problem was given by Boer et al.
[2], where the solid particle and fluid are both considered as incom-
pressible material. In addition, another analytical solution of this prob-
lem was given by Simon et al. [3], where the solid particle is treated
as incompressible material while the fluid is treated as compressible
material. For the first condition considered by Boer, the material pa-
rameters are listed in Table 5.1 and the surface loading function is
f(t) =3000(1 — cos 75t)Pa. For the second condition considered by Si-
mon, the material parameters are listed in Table 5.2 and the surface
loading function is f(t) = osin 62.83tPa.
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Fig. 5.3. Pore pressure of the location 1 m below the surface of the elastic half space.
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Fig. 5.4. Pore pressure of the location 6 m below the surface of the elastic half space.
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Fig. 5.6. Sketch for a rockfill breakwater built on sand foundation (units: m).
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Fig. 5.7. Polygon scaled boundary finite element mesh of the breakwater.
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Fig. 5.8. Quadtree mes

h of the breakwater.

Fig. 5.9. Finite element mesh of the breakwater.

Table 5.3 Table 5.4

Parameters of generalized plastic model of sand. Parameters of generalized plastic model of rockfill.
ps (kg/m®)  pf (kg/m®) n M; Mg a ag Bo P p (kg/m®) Mg Mg a g Bo 81 Hy, Hy
2670 1000 042 1.03 1.15 0.45 045 42 0.2 1800 0.7 1.72 0.411 0.3 60 0.053 2450 1600
Hyp Hy (Pa) Ywe  Yom Ko (Pa) Gy (Pa) Y Hu Yom s m, m my 7a Ko Go
600 4e6 2 0 7.7€5 1.15e6 5 30 0.8 0.8 014 05 20 1000 800

5.1.2. Numerical results

For the condition considered by Boer, the pore pressure result at the
location 1 m below the surface of the half space is shown in Fig. 5.3 and
the pore pressure result at the location 6 m underneath the surface of
the half space is shown in Fig. 5.4. The results correspond well with the
analytical solutions which indicates the proposed method is capable for
dynamic analysis of saturated elastic porous media. For the condition
considered by Simon, the non-dimensional vertical displacement on the
surface of the elastic half space is shown in Fig. 5.5 where the numerical
result shows a good correspondence with the analytical solution as well.

5.2. A liquefaction analysis for a rockfill breakwater erected on saturated
sand foundation

5.2.1. Model and parameters

To investigate the applicability of the newly developed polygon
scaled boundary method in simulating nonlinear dynamic problems in-
cluded saturated soil, the liquefaction analysis of a breakwater erected
on a saturated sand foundation is conducted using both the presented
method and FEM. The geometry model of this problem is shown in
Fig. 5.6. The SBFEM discretized with polygon mesh and quadtree mesh is

PSBFEM

(a) Comparison of the results computed by FEM and PSBFEM discretized with polygon mesh

PSBFEM

(b) Comparison of the results computed by FEM and PSBFEM discretized with quadtree mesh

Fig. 5.10. Horizontal displacement distribution of the breakwater after earthquake (units: m).
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(b) Comparison of the results computed by FEM and PSBFEM discretized with quadtree mesh
Fig. 5.11. Vertical displacement distribution of the breakwater after earthquake (units: m).
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(b) Comparison of the results computed by FEM and PSBFEM discretized with quadtree mesh

Fig. 5.12. Pore pressure time history of location A.

shown in Figs. 5.7 and 5.8, respectively. The FEM mesh discretized with
quadrilateral isoparametric elements is shown in Fig. 5.9. The bound-
ary constraint conditions are set as that the displacement at the bottom
of the sand foundation is fixed and the pore pressure at the surface of
the sand foundation is fixed. A horizontal ground motion with a peak
acceleration of 0.2 g and a vertical ground motion with a peak accelera-
tion of 0.133g are input. The sand and the rockfill are modeled with
modified generalized plastic model [33-36], whose parameters are
listed in Table 5.3 and Table 5.4, respectively.

5.2.2. Numerical results

The displacements after the seismic calculated with SBFEM using
polygon mesh and FEM are compared in Fig. 5.10(a) and 5.11(a).
The results of the two methods correspond well with each other
and only minor difference can be found in both spatial distribu-

158

tion and magnitude. A, B and C are three pore pressure supervi-
sion points in the sand foundation shown in Fig. 5.6. The time
histories of the pore pressure of these three points obtained with FEM
and PSBFEM discretized with polygon mesh are compared in Fig. 5.12(a)
to Fig. 5.14(a), where a good agreement is achieved in both trend and
magnitude. D and E are two displacement supervision points shown
in Fig. 5.6. The horizontal displacement time history of point D and
the vertical displacement time history of point E obtained by FEM and
PSBFEM discretized with polygon mesh are compared in Fig. 5.15(a)
and Fig. 5.16(a), where the results of the two methods correspond well.
The displacement distribution of the breakwater calculated by FEM and
PSBFEM discretized with quadtree mesh is compared in Fig. 5.10(b) and
Fig. 5.11(b). The results calculated with quadtree mesh correspond well
with that calculated with FEM. The pressure histories of point A, B, and
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Fig. 5.13. Pore pressure time history of location B.
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(b) Comparison of the results computed by FEM and PSBFEM discretized with quadtree mesh

Fig. 5.14. Pore pressure time history of location C.

C and the displacement histories of point D and E calculated by FEM and
PSBFEM discretized with quadtree mesh are compared in Fig. 5.12(b)
to 5.16(b), respectively. The results also achieve a good agreement. The
computation time of FEM is 50.2 min, while the computation time of PS-
BFEM discretized with quadtree mesh is 65.2 min which is slight higher
than that of FEM. The good agreement of the results obtained by FEM
and PSBFEM indicates that the proposed method is reliable and accu-
rate in both polygon mesh and quadtree mesh. The SBFEM which treat a
quadrilateral element with hanging nodes as a polygon element is highly
compatible with quadtree decomposition without any additional efforts.
With the help of quadtree mesh, the mesh generation is faster and more
automatic than FEM which will significantly reduce the workload in pre-
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processing. The good correspondence of the results derived from FEM
and PSBFEM indicates that the presented method is effective in model-
ing nonlinear dynamic analysis of saturated soil and the advantages in
mesh generation make it highly applicable to engineering practice.

6. Conclusions

In this paper, the PSBFEM is extended to solve nonlinear dynamic
analysis of saturated soil based on generalized Biot’s dynamic consoli-
dation theory. The displacement shape functions and the pore pressure
shape functions are constructed from the elastic static theory and steady-
state seepage theory within the SBFEM framework respectively, which
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Fig. 5.16. Vertical displacement time history of location E.

can be computed with the Gauss points of line. Then the scaled bound-
ary polygon equations for dynamic analysis of saturated soil is obtained
through the detailed derivation. Nonlinearity is taken into consideration
in the presented method by introducing Gauss points of area into each
subdomain.

The case of a saturated elastic half space subjected to a uniform cyclic
dynamic loading is conducted and simulated firstly. Good agreement is
obtained after the comparisons of the simulated results including dis-
placement and pore pressure with exacted solution. Moreover, a lique-
faction analysis for a breakwater based on generalized plastic model
is subsequently conducted and solved by using both FEM and the pro-
posed method with polygon mesh and quadtree mesh for the purpose
of further model assessment. The spatial distribution and time histories
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of displacement and pore pressure are compared. The results of the two
methods match quite well.

The results of this study release that the polygon scale boundary ele-
ment method can be successfully applied in saturated elastic-plastic soil
area. The highly flexibility in modeling complex geometry, automatic
mesh generation and fast mesh reconstruction is believed to make the
proposed method a competitive alternative in large deformation analy-
sis of saturated soil.
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